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Abstract
Anomalies of N = (4, 4) superconformal field theories coupled to
a conformal supergravity background in two dimensions are computed
by using the AdS/CFT correspondence. We find that Weyl, axial gauge
and super Weyl transformations are anomalous, while general coordinate,
local Lorentz, vector gauge and local super transformations are not. The
coefficients of the anomalies show that the superconformal field theories
have the central charge expected in the AdS/CFT correspondence.
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1. Introduction
According to the AdS/CFT correspondence [1, 2, 3] the string/M-theory in (d+
1)-dimensional anti de Sitter (AdS) space times a compact space is dual to a d-
dimensional conformal field theory (CFT) defined on the boundary of the AdS space.
There is a one-to-one correspondence between boundary values φ0I(x) of bulk fields
φI(x) and operators OI(x) in the boundary CFT. The generating functional of
correlation functions of operators OI in the CFT is given by the partition function
of the string/M-theory. In a certain limit the string/M-theory is approximated by a
low energy effective supergravity and the partition function is given by a stationary
point of the supergravity action S[φ]
〈
exp
(
i
∫
ddx
∑
I
φ0I(x)OI(x)
)〉
CFT
= exp(iS[φ]). (1.1)
Here, φ0I on the left hand side are arbitrary functions defined on the d-dimensional
boundary while φI on the right hand side are the solutions of supergravity field
equations in the bulk satisfying boundary conditions φI = φ0I .
The boundary fields φ0I are expected to form supermultiplets of a d-dimensional
conformal supergravity [4, 5] since they couple to CFT operators. In ref. [6] we
studied this relation between AdS supergravities in d+1 dimensions and conformal
supergravities in d dimensions in the case of three-dimensional (p, q) AdS super-
gravities based on the superalgebra OSp(p|2) × OSp(q|2) [7]. We explicitly showed
that the local symmetry transformations of the bulk AdS supergravities induce the
local transformations of the boundary fields φ0I , which coincide with those of two-
dimensional conformal supergravities for p, q ≤ 2. In particular, Weyl and super
Weyl transformations on the boundary are generated from general coordinate and
super transformations in the bulk.
The purpose of this paper is to compute anomalies of the local transformations of
conformal supergravities on the boundary by using the AdS/CFT correspondence.
By eq. (1.1) the effective action for CFTs in the background conformal supergravity
fields φ0I is given by the classical supergravity action evaluated at solutions of field
equations with boundary conditions φI = φ0I . Anomalies are obtained by computing
variations of the supergravity action for the local symmetry transformations
A = δS[φ]. (1.2)
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Although anomalies arise as a quantum effect in the CFT side, they can be obtained
by classical calculations in the supergravity side. Weyl anomaly in a purely grav-
itational background was computed by using the AdS/CFT correspondence in ref.
[8]. Our work is a generalization of this result to the case of a supergravity back-
ground. Anomalies of bosonic symmetries in the AdS/CFT correspondence were
also discussed in refs. [9, 10, 11, 12, 13].
We use the three-dimensional N = (4, 4) AdS supergravity based on the su-
peralgebra SU(1,1|2) × SU(1,1|2) to compute anomalies. As in ref. [6] the local
symmetry transformations in this bulk theory will be shown to generate those of
the two-dimensional N = (4, 4) conformal supergravity [14] on the boundary. The
N = (4, 4) AdS supergravity arises from the type IIB supergravity on AdS3×S3×M4,
where M4 is K3 or T
4. This spacetime corresponds to a system of parallel Q1 D1-
branes and Q5 D5-branes in the low energy limit [15, 16]. The Q1 D1-strings are
stretching in one dimension on the Q5 D5-branes and the remaining four-dimensional
directions of the D5-branes are wrapping on M4. In the infrared limit the gauge the-
ory on the branes is described by a N = (4, 4) super CFT with the central charge
c = 6Q1Q5 =
3l
2G
[15, 16], where l is the radius of the AdS space and G is the three-
dimensional gravitational constant. The N = (4, 4) AdS supergravity is expected to
be dual to this CFT [1, 17, 18].
We find that Weyl, axial gauge and super Weyl transformations are anomalous,
while general coordinate, local Lorentz, vector gauge and local super transformations
are not. The coefficients of the anomalies show that the two-dimensional CFT has
the N = (4, 4) super Virasoro algebra with the central charge c = 3l
2G
as expected
in ref. [1, 17, 18]. This also agrees with the value of the central charge obtained in
ref. [19] by computing the asymptotic symmetry algebra of three-dimensional AdS.
Since our calculations of anomalies do not much depend on special properties in
three dimensions, generalization to higher dimensions will be straightforward.
In the next section we give the action and the local symmetry transformation
laws of the N = (4, 4) AdS supergravity in three dimensions. The relation to the
N = (4, 4) conformal supergravity on the two-dimensional boundary is discussed
in sect. 3. Boundary terms and counterterms to be added to the bulk action are
obtained in sect. 4 and anomalies are computed in the final section.
3
2. Three-dimensional AdS supergravity
We consider a three-dimensional AdS supergravity which has 16 supersymmetries.
It is based on the superalgebra SU(1,1|2) × SU(1,1|2), which contains SO(2,2) ×
SU(2) × SU(2) as a bosonic subalgebra. We call this theory as N = (4, 4) AdS
supergravity. Note that this theory is different from the N = (4, 4) theory in ref. [7]
based on the superalgebra OSp(4|2) × OSp(4|2), which contains SO(2,2) × SO(4)
× SO(4) as a bosonic subalgebra.
The field content of this theory is a dreibein eM
A, Rarita-Schwinger fields ψαα˙M ,
ψα
′α˙′
M and SU(2) × SU(2) Chern-Simons gauge fields AαMβ = 12i(σi)αβAiM , Aα
′
Mβ′ =
1
2
i(σi
′
)α
′
β′A
i′
M , where σ
i, σi
′
are 2×2 Pauli matrices. The undotted indices α, β, · · · =
1, 2, α′, β ′, · · · = 1, 2 and i, j, · · · = 1, 2, 3, i′, j′, · · · = 1, 2, 3 are those of the local
SU(2) × SU(2) symmetry. The dotted indices α˙, β˙, · · · = 1, 2 and α˙′, β˙ ′, · · · 1, 2 are
those of the rigid SU(2) × SU(2) symmetry, which is not contained in SU(1,1|2) ×
SU(1,1|2). We denote three-dimensional world indices asM,N, · · · = 0, 1, 2 and local
Lorentz indices as A,B, · · · = 0, 1, 2. The Rarita-Schwinger fields satisfy doubly-
symplectic Majorana conditions
(ψαα˙)c = ǫαβǫα˙β˙ψ
ββ˙, (ψα
′α˙′)c = ǫα′β′ǫα˙′β˙′ψ
β′β˙′ , (2.3)
where the superscript c denotes the charge conjugation and ǫ12 = −ǫ21 = −1. We
use the following conventions. The flat metric is ηAB = diag(−1,+1,+1) and the
totally antisymmetric tensor ǫABC is chosen as ǫ012 = +1. 2× 2 gamma matrices γA
satisfy {γA, γB} = 2ηAB. γ’s with multiple indices are antisymmetrized products of
gamma matrices with unit strength. In particular, we have γABC = −ǫABC in three
dimensions. The Dirac conjugate of a spinor ψ is defined as ψ¯ = ψ†iγ0.
The action consists of three parts:
S = Sbulk + Sboundary +∆S, (2.4)
where Sbulk is the bulk action while Sboundary and ∆S represent boundary terms and
counterterms respectively, which will be discussed in sect. 4. The bulk action is
given by
Sbulk =
1
8πG
∫
d3x
[
1
2
eR + 4m2e
4
+
1
2
iǫMNP ψ¯Mαα˙DNψαα˙P +
1
2
imeψ¯Mαα˙γ
MNψαα˙N
+
1
2
iǫMNP ψ¯Mα′α˙′DNψα′α˙′P −
1
2
imeψ¯Mα′α˙′γ
MNψα
′α˙′
N
− 1
4m
ǫMNP tr
(
AM∂NAP +
2
3
AMANAP
)
+
1
4m
ǫMNP tr
(
A′M∂NA
′
P +
2
3
A′MA
′
NA
′
P
) ]
, (2.5)
where m is a positive constant and is related to the radius of the AdS space l as
l = 1
2m
. In the following the gravitational constant will be chosen as 8πG = 1. Our
conventions for the curvature tensors and the covariant derivatives are
R = eA
MeB
NRMN
AB,
RMN
AB = ∂MωN
AB + ωM
A
CωN
CB − (M ↔ N),
DMψαα˙N =
(
∂M +
1
4
ωM
ABγAB
)
ψαα˙N + A
α
Mβψ
βα˙
N ,
DMψα′α˙′N =
(
∂M +
1
4
ωM
ABγAB
)
ψα
′α˙′
N + A
α′
Mβ′ψ
β′α˙′
N . (2.6)
The covariant derivatives without SU(2) × SU(2) connection terms are denoted as
DM . The spin connection ωM
AB is determined by the torsion condition
DMeN
A −DNeMA = 1
2
i(ψ¯Mαα˙γ
Aψαα˙N + ψ¯Mα′α˙′γ
Aψα
′α˙′
N ). (2.7)
The bulk action (2.5) is invariant under the following local transformations up
to total derivative terms:
δeM
A = ξN∂NeM
A + ∂Mξ
NeN
A − λABeMB + 1
2
i
(
ǫ¯αα˙γ
Aψαα˙M + ǫ¯α′α˙′γ
Aψα
′α˙′
M
)
,
δψαα˙M = ξ
N∂Nψ
αα˙
M + ∂Mξ
Nψαα˙N −
1
4
λABγABψ
αα˙
M − θαβψβα˙M +DMǫαα˙ +mγMǫαα˙,
δψα
′α˙′
M = ξ
N∂Nψ
α′α˙′
M + ∂Mξ
Nψα
′α˙′
N −
1
4
λABγABψ
α′α˙′
M − θα
′
β′ψ
β′α˙′
M
+DMǫα′α˙′ −mγMǫα′α˙′ ,
δAiM = ξ
N∂NA
i
M + ∂Mξ
NAiN +DMθi − 2mǫ¯αα˙ψβα˙M (σi)αβ ,
δAi
′
M = ξ
N∂NA
i′
M + ∂Mξ
NAi
′
N +DMθi
′
+ 2mǫ¯α′α˙′ψ
β′α˙′
M (σ
i′)α
′
β′ . (2.8)
The transformation parameters ξM(x), λAB(x), θαβ(x) =
1
2
i(σi)αβθ
i(x), θα
′
β′(x) =
1
2
i(σi
′
)α
′
β′θ
i′(x), and ǫαα˙(x), ǫα
′α˙′(x) represent general coordinate (δG), local Lorentz
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(δL), SU(2) × SU(2) gauge (δg) and local super (δQ) transformations respectively.
The parameters ǫαα˙, ǫα
′α˙′ satisfy the doubly-symplectic Majorana conditions (2.3).
The commutator algebra of these transformations closes modulo the field equations.
In particular, the commutator of two local supertransformations with parameters ǫ1
and ǫ2 is
[δQ(ǫ1), δQ(ǫ2)] = δG(ξ) + δL(λ) + δg(θ) + δQ(ǫ), (2.9)
where
ξM =
1
2
i
(
ǫ¯2αα˙γ
Mǫαα˙1 + ǫ¯2α′α˙′γ
Mǫα
′α˙′
1
)
,
λAB = −ξMωMAB − im
(
ǫ¯2αα˙γ
ABǫαα˙1 − ǫ¯2α′α˙′γABǫα
′α˙′
1
)
,
θi = −ξMAiM − 2mǫ¯2αγ˙ǫβγ˙1 (σi)αβ ,
θi
′
= −ξMAi′M + 2mǫ¯2α′γ˙′ǫβ
′γ˙′
1 (σ
i′)α
′
β′ ,
ǫαα˙ = −ξMψαα˙M , ǫα
′α˙′ = −ξMψα′α˙′M . (2.10)
The action (2.5) is also invariant under the rigid SU(2) × SU(2) transformations,
which act on the dotted indices of ψαα˙M , ψ
α′α˙′
M .
Three-dimensional AdS supergravities with N = (p, q) supersymmetries for
p, q = 1, 2, 4 can be obtained from the above N = (4, 4) theory by consistent trunca-
tions. For instance, the N = (2, 2) theory in ref. [7] can be obtained by a truncation
ψ12˙ = ψ21˙ = ψ1
′2˙′ = ψ2
′1˙′ = 0, A1M = A
2
M = A
1′
M = A
2′
M = 0. (2.11)
Redefining the remaining fields as
ψ1M ≡
1√
2
(ψ11˙M + ψ
22˙
M), ψ
2
M ≡
1√
2
i(ψ11˙M − ψ22˙M), A12M = −A21M ≡
1
2
A3M (2.12)
and similarly for ψ1
′
M , ψ
2′
M , A
1′2′
M , we obtain the action and the local transformations
of the N = (2, 2) theory [7]. A12M , A
1′2′
M are the SO(2) × SO(2) gauge fields and ψiM ,
ψi
′
M (i, i
′ = 1, 2) are Majorana spinors. The N = (1, 1) theory [7] is obtained by
further truncation
ψ2M = ψ
2′
M = 0, A
12
M = A
1′2′
M = 0. (2.13)
The (p, q) theories for other values of p, q can be also obtained by appropriate trun-
cations.
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3. Local symmetries on the boundary
As in ref. [6] we partially fix the gauge for the local symmetries (2.8) and obtain
how the residual local symmetries act on the fields on the boundary. We repre-
sent the three-dimensional AdS space as a region x2 > 0 in R3 with coordinates
(x0, x1, x2). The boundary of the AdS space corresponds to a plane x2 = 0 and a
point x2 =∞. Our gauge fixing conditions are
eM=2
A=2 =
1
2mx2
, eM=2
a = 0, eµ
A=2 = 0,
ψαα˙2 = 0, ψ
α′α˙′
2 = 0, A
α
2 β = 0, A
α′
2 β′ = 0, (3.14)
where µ, ν, · · · = 0, 1 and a, b, · · · = 0, 1 are two-dimensional world indices and local
Lorentz indices respectively. The metric in this gauge has a form
dxMdxNgMN =
1
(2mx2)2
(
dx2dx2 + dxµdxν gˆµν
)
. (3.15)
The SO(2,2) invariant AdS metric corresponds to the case gˆµν = ηµν but we consider
the general gˆµν . We define eˆµ
a by gˆµν = eˆµ
aeˆν
bηab and
ψαα˙µ± = (2mx
2)∓
1
2 ψˆαα˙µ±, ψ
α′α˙′
µ± = (2mx
2)±
1
2 ψˆα
′α˙′
µ± , A
α
µβ = Aˆ
α
µβ, A
α′
µ β′ = Aˆ
α′
µ β′,
(3.16)
where ψµ± =
1
2
(1± γ2)ψµ. As discussed in ref. [6] the field equations show that the
fields with ˆ behave as O((x2)0) near the boundary. We impose boundary conditions
on the fields at x2 = 0 as
eˆµ
a = e0µ
a, ψˆαα˙µ+ = ψ
αα˙
0µ+, ψˆ
α′α˙′
µ− = ψ
α′α˙′
0µ− ,
Aˆ(+)αµ β = A
(+)α
0µ β, Aˆ
(−)α′
µ β′ = A
(−)α′
0µ β′, (3.17)
where Aˆ(±)µ =
1
2
(gˆµν ± eˆǫµν)Aˆν . The fields φ0I = (e0µa, ψαα˙0µ+, ψα′α˙′0µ− , A(+)α0µ β, A(−)α
′
0µ β′)
are fixed functions on the boundary. Since field equations of the Rarita-Schwinger
fields and the gauge fields are first order, boundary conditions are imposed on only
half of their components. Other components of the fields on the boundary are non-
local functionals of the fields φ0I , which are obtained by solving the field equations.
We also introduce notations ψαα˙0µ−, ψ
α′α˙′
0µ+ , A
(−)α
0µ β, A
(+)α′
0µ β′ defined by ψˆ
αα˙
µ− → ψαα˙0µ−,
etc.
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The parameters of the residual symmetries, which preserve the gauge conditions
(3.14), near the boundary x2 = 0 are
ξ2 = −x2Λ0(x0, x1), ξµ = ξµ0 (x0, x1) +O((x2)2),
λab = λab0 (x
0, x1) +O(x2), λa2 = O(x2),
ǫαα˙± = (2mx
2)∓
1
2
[
ǫαα˙0±(x
0, x1) +O(x2)
]
,
ǫα
′α˙′
± = (2mx
2)±
1
2
[
ǫα
′α˙′
0± (x
0, x1) +O(x2)
]
,
θαβ = θ
α
0 β(x
0, x1) +O((x2)2), θα′β′ = θα′0 β′(x0, x1) +O((x2)2), (3.18)
where Λ0, ξ
µ
0 , λ
ab
0 , ǫ
αα˙
0±, ǫ
α′α˙′
0± , θ
α
0 β and θ
α′
0 β′ are arbitrary functions of x
0 and x1. Order
O(x2) and O((x2)2) terms are non-local functionals of these functions and the fields
φ0I . Substituting eqs. (3.16), (3.17), (3.18) into eq. (2.8) and taking the limit x
2 → 0
we obtain transformations of the fields on the boundary φ0I . These transformations
are shown to coincide with those of the two-dimensional (4,4) conformal supergravity
[14].
The two-dimensional (4,4) conformal supergravity [14] contains a zweibein e˜µ
a,
doubly-symplectic Majorana Rarita-Schwinger fields ψ˜αα˙µ and SU(2) gauge fields
A˜αµβ. These fields are identified with the boundary fields φ0I as
e˜µ
a = e0µ
a, ψ˜αα˙µ = ψ
αα˙
0µ+ + ψ
α′α˙′
0µ− , A˜
α
µβ = A
(+)α
0µ β + A
(−)α′
0µ β′ , (3.19)
where α′ = α, α˙′ = α˙, β ′ = β. We find that transformation laws of these fields
derived from the three-dimensional transformations (2.8) are
δe˜µ
a = ξ˜ν∂ν e˜µ
a + ∂µξ˜
ν e˜ν
a + Λ˜eµ
a − λ˜abe˜µb + 1
2
i ¯˜ǫαα˙γ
aψ˜αα˙µ ,
δψ˜αα˙µ = ξ˜
ν∂νψ˜
αα˙
µ + ∂µξ˜
νψ˜αα˙ν +
1
2
Λ˜ψ˜αα˙µ −
1
4
λ˜abγabψ˜
αα˙
µ
−θ˜αVβψ˜βα˙µ − θ˜αAβγ2ψ˜βα˙µ + D˜µǫ˜αα˙ + γ˜µη˜αα˙,
δA˜iµ = ξ˜
ν∂νA
i
µ + ∂µξ˜
νA˜iν + D˜µθ˜iV + e˜ǫµνD˜ν θ˜iA
+
(
1
4
¯˜ǫαα˙γ˜µγ˜
ρσψ˜βα˙ρσ +
1
2
¯˜ηαα˙γ˜
ν γ˜µψ˜
βα˙
ν
)
(σi)αβ, (3.20)
where D˜µ is the covariant derivative including the gauge field A˜αµβ and ψ˜αα˙µν is the
field strengths of the Rarita-Schwinger fields
D˜µǫ˜αα˙ = D˜µǫ˜αα˙ + A˜αµβ ǫ˜βα˙,
ψ˜αα˙µν = D˜µψ˜αα˙ν − D˜νψ˜αα˙µ . (3.21)
8
The transformation parameters with a tilde in eq. (3.20) are related to those in eq.
(3.18) as
ξ˜µ = ξµ, Λ˜ = Λ0, λ˜
ab = λab0 , ǫ˜
αα˙ = ǫαα˙0+ + ǫ
α′α˙′
0− ,
η˜αα˙ = 2m(ǫαα˙0− − ǫα
′α˙′
0+ ) +
1
2
(A/
α
0 β −A/α
′
0 β′)γ2ǫ˜
βα˙,
θ˜αVβ =
1
2
(
θα0 β + θ
α′
0 β′
)
, θ˜αAβ =
1
2
(
θα0 β − θα
′
0 β′
)
, (3.22)
where α′ = α, α˙′ = α˙, β ′ = β. The transformations (3.20) represent general
coordinate (ξ˜µ), local Lorentz (λ˜ab), Weyl (Λ˜), vector SU(2) gauge (θαVβ), axial
vector gauge (θαAβ), local super (ǫ˜
αα˙) and super Weyl (η˜αα˙) transformations. These
are local symmetry transformations of the (4,4) conformal supergravity [14].
4. Boundary terms and counterterms
To compute anomalies (1.2) for the local transformations (3.20) we need the total
action (2.4) including the boundary terms and the local counterterms. The boundary
terms are chosen such that the variational principle is well-defined [20, 21, 22].
When we take a variation of the action, we obtain boundary terms arising from
partial integrations in addition to bulk terms proportional to field equations. Such
boundary terms should be cancelled by a variation of Sboundary in eq. (2.4) when the
boundary conditions (3.17) are used. We find that appropriate boundary terms are
Sboundary =
∫
d2x
[
1
2
ǫµνǫABCeµ
AωBCν −
1
2
iǫµν
(
ψ¯µ+αα˙ψ
αα˙
ν− + ψ¯µ−α′α˙′ψ
α′α˙′
ν+
)
− 1
8m
eˆgˆµν tr
(
AµAν + A
′
µA
′
ν
)]
. (4.23)
The first term is equivalent to the usual boundary term for the Einstein action,
which is proportional to the trace of the second fundamental form of the boundary
[23].
The bulk action and the boundary terms are both divergent. One has to reg-
ularize them and subtract singular terms by the counterterms ∆S. The singular
terms turn out to be local functionals of the fields φ0I . We regularize divergences
by restricting the range of x2 to x2 > ǫ, where ǫ > 0 is a cut-off parameter. The
boundary is now at x2 = ǫ. The regularization is removed for ǫ→ 0.
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Let us evaluate singular terms in Sbulk and Sboundary to obtain the local countert-
erms ∆S. Using the field equations the bulk action becomes
Sbulk =
∫
d2x
∫ ∞
ǫ
dx2
[
− 1
m(x2)3
eˆ− 1
4x2
ieˆ
(
¯ˆ
ψµαα˙γˆ
µνψˆαα˙ν − ¯ˆψµα′α˙′ γˆµνψˆα
′α˙′
ν
)]
.
(4.24)
As in ref. [8] we then expand the metric in x2 as
gˆµν = g0µν + (2mx
2)2g(2)µν + (2mx
2)2 log(2mx2)2h(2)µν +O((x2)3). (4.25)
Coefficients of these expansion g(2)µν , h(2)µν , · · · are determined as functions of the
fields φ0I by solving the field equations. To compute singular terms in eq. (4.24)
we need to know the expansion of eˆ =
√−gˆ, which are determined by gµν0 g(2)µν and
g
µν
0 h(2)µν . They can be obtained from the (22) component of the Einstein equation
as in ref. [8]. We find gµν0 h(2)µν = 0 and
g
µν
0 g(2)µν = −
1
8m2
[
R0 + im
(
ψ¯0µαα˙γ
µν
0 ψ
αα˙
0ν − ψ¯0µα′α˙′γµν0 ψα
′α˙′
0ν
)]
. (4.26)
Then we find singular terms in eq. (4.24) as
S
(div)
bulk =
∫
d2x e0
[
− 1
2mǫ2
− 1
4m
log ǫR0
]
. (4.27)
The singularities of ψ terms in eq. (4.24) have been cancelled by those coming from
eq. (4.26). To obtain singular terms in the boundary terms (4.23) we first note that
all the terms in eq. (4.23) except the first are finite. By using the explicit form of
the spin connection the first term can be written as
∫
d2x
1
2
ǫµνǫABCeµ
AωBCν =
∫
d2x
[
1
mǫ2
eˆ− 1
2mǫ
∂2eˆ
]
=
∫
d2x
1
mǫ2
e0 +O(ǫ), (4.28)
where we have used eqs. (4.25), (4.26) in the second equality. The counterterms are
chosen to cancel the singularities in eqs. (4.27), (4.28) as
∆S =
∫
d2x
[
− 1
2mǫ2
e0 +
1
4m
log ǫ e0R0
]
+∆Sfinite, (4.29)
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where ∆Sfinite is a finite local term. The second term of the integrand is proportional
to the Euler density, which is a total derivative locally, and will be ignored in the
following.
We note that ∆S is a local functional of the boundary fields φ0I . In principle, it
could depend on other components of the fields such as ψαα˙0µ−, which is a non-local
functional of φ0I . From the AdS point of view it is not clear why they should be local.
The locality of singular terms may be understood by the IR-UV connection [24].
Infrared divergences in the bulk theory can be interpreted as ultraviolet divergences
in the boundary CFT. Since ultraviolet divergences are short distance property of
the CFT, they should be local.
5. Anomalies
We compute a variation of the total action (2.4) under the local symmetry trans-
formations (3.20) and obtain anomalies of the two-dimensional (4,4) CFT. Since
the boundary transformations (3.20) are generated from the bulk transformations
(2.8), we can use the latter to compute a variation in the bulk. Let us first consider
the bosonic transformations. For the moment we assume ∆Sfinite = 0 in eq. (4.29).
Under the three-dimensional general coordinate transformation with a parameter
ξM the bulk action transforms as
δGSbulk =
∫
d2x
∫ ∞
ǫ
dx2 ∂M
(
ξMLbulk
)
=
∫
d2x ǫΛ0Lbulk
=
∫
d2x e0Λ0
[
− 1
mǫ2
+
1
4m
R0
]
, (5.30)
where Lbulk is the integrand of eq. (2.5) or eq. (4.24). In the last equality we
have used eq. (4.26). The transformation of the boundary terms (4.23) and the
local counterterms (4.29) can be easily computed by using the transformation laws
(3.20) and eq. (4.28). Using the quantities in eqs. (3.19), (3.22) we obtain the
transformation of the total action as
δGS =
1
4m
∫
d2x e˜Λ˜R˜. (5.31)
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We see that the total action is invariant under the two-dimensional general coor-
dinate transformation but not under the Weyl transformation. As for the local
Lorentz transformation the bulk action (2.5) and the local counterterms (4.29) are
manifestly invariant. The boundary action (4.23) is also invariant when the first
term is expressed as in eq. (4.28). Therefore, the total action is invariant under the
local Lorentz transformation
δLS = 0. (5.32)
Under the SU(2) × SU(2) gauge transformation the Chern-Simons terms in the bulk
action (2.5) give two-dimensional chiral gauge anomaly [25]. Combining with the
transformation of the boundary action we obtain
δgS =
1
2m
∫
d2x ǫµν tr
(
θ0∂µA
(+)
0ν − θ′0∂µA
′(−)
0ν
)
. (5.33)
It is possible to preserve the diagonal vector SU(2) subgroup of the SU(2) × SU(2)
gauge symmetry by introducing an appropriate finite counterterm. By choosing
∆Sfinite = − 1
2m
∫
d2x ǫµν tr
(
A
(+)
0µ A
′(−)
0ν
)
(5.34)
we obtain
δgS =
1
2m
∫
d2x ǫµν tr
(
θ˜AF˜µν
)
, (5.35)
where F˜µν is the field strength of the SU(2) gauge field A˜µ. We see that there is no
anomaly in the vector SU(2) gauge transformation with the parameter θ˜V. Since the
finite counterterm (5.34) is invariant under the general coordinate and local Lorentz
transformations, the introduction of it does not change the results (5.31), (5.32).
To obtain the supertransformation of the action we first compute the variation
of the total action as
δQS =
1
2m
∫
d2x
[
1
ǫ
eˆeˆa
µδQωµ
a2 +
1
ǫ2
δQe0
−2imǫµν
(
δQψ¯0µ+αα˙ψ
αα˙
0ν− + δQψ¯0µ−α′α˙′ψ
α′α˙′
0ν+
)
−e0 tr
(
A
(−)µ
0 δQA0µ + A
′(+)µ
0 δQA
′
0µ
)
−1
4
δQ (e0g
µν
0 ) tr
(
A0µA0ν + A
′
0µA
′
0ν
)]
+ δQ∆Sfinite. (5.36)
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The first two terms can be written as
1
ǫ
eˆeˆa
µδQωµ
a2 +
1
ǫ2
δQe0
= −1
ǫ
eˆδQeˆa
µω¯µ
a2 +
1
ǫ
eˆδQ
(
eˆ−1∂2eˆ
)
− 1
ǫ2
δQeˆ+
1
ǫ2
δQe0
= −1
ǫ
eˆδQeˆa
µω¯µ
a2 + 2m2δQ
(
e0g
µν
0 g(2)µν
)
− 4m2δQe0gµν0 g(2)µν , (5.37)
where ω¯µ
a2 = ωµ
a2 + 2meµ
a and we have used eq. (4.25). The second term in the
last equation does not contribute because of the formula
δQ
∫
d2x e0g
µν
0 g(2)µν = 0. (5.38)
This can be shown by using the Rarita-Schwinger field equations expressed as
ǫµνD0µψαα˙0ν− = −
1
4mǫ
ǫµνγaψ
αα˙
0ν+ω¯µ
a2,
ǫµνD0µψα′α˙′0ν+ =
1
4mǫ
ǫµνγaψ
α′α˙′
0ν− ω¯µ
a2,
ǫµνD0µψαα˙0ν+ = −2mǫµνγ0µψαα˙0ν−,
ǫµνD0µψα′α˙′0ν− = 2mǫµνγ0µψα
′α˙′
0ν+ . (5.39)
Eq. (5.39) also shows that the third term in eq. (5.36) can be written as
1
2ǫ
iǫµν
(
ǫ¯0+αα˙γ0νψ
αα˙
0a+ − ǫ¯0−α′α˙′γ0νψα
′α˙′
0a− − ǫ¯0+αα˙γaψαα˙0ν+ + ǫ¯0−α′α˙′γaψα
′α˙′
0ν−
)
ω¯µ
a2
+4im2ǫµν
(
ǫ¯0−αα˙γ0µψ
αα˙
0ν− − ǫ¯0+α′α˙′γ0µψα
′α˙′
0ν+
)
. (5.40)
The terms proportional to ω¯µ
a2 in this equation, in turn, can be written as
1
2ǫ
iǫµν
(
ǫ¯0+αα˙γ0νψ
αα˙
0µ+ − ǫ¯0−α′α˙′γ0νψα
′α˙′
0µ−
)
ω¯a
a2 = 4m2δQe0g
µν
0 g(2)µν , (5.41)
which cancels the last term in eq. (5.37). On the other hand, by using eq. (5.39) the
remaining terms in eq. (5.40) become
− 2imǫµν
[
ǫ¯0−αα˙D0µψαα˙0ν+ + ǫ¯0+α′α˙′D0µψα
′α˙′
0ν−
]
. (5.42)
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Collecting these results and after some more algebra we finally obtain the super-
transformation of the total action as
δQS =
1
4m
i
∫
d2x e˜ ¯˜ηαα˙γ˜
µνψ˜αα˙µν , (5.43)
where ψ˜αα˙µ is the field strength of the Rarita-Schwinger fields defined in eq. (3.21).
To summarize, our results of anomalies for the local symmetry transformations
are given by eqs. (5.31), (5.32), (5.35) and (5.43). There is no anomaly in two-
dimensional general coordinate, local Lorentz, vector SU(2) gauge and local su-
per transformations. The remaining symmetries, i.e., two-dimensional Weyl, axial-
vector gauge and super Weyl symmetries, are anomalous. The anomalies (5.31),
(5.32), (5.35) and (5.43) form an anomaly supermultiplet [26], in the sence that
they transform to one another by the two-dimensional local supertransformation.
This can be shown by using the Wess-Zumino consistency condition [27, 28] and
the absence of the two-dimensional local supersymmetry anomaly. These anomalies
correspond to the (4,4) super Virasoro algebras with the central charge c = 6π
m
= 3l
2G
.
Anomalies in the (p, q) theories for other values of p, q = 1, 2, 4 can be obtained from
these results by truncation of the fields discussed at the end of sect. 2.
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